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Abstract: We construct field theories in 2 + 1 dimensions with multiple conformal sym-
metries acting on only one of the spatial directions. These can be considered a conformal
extension to “subsystem scale invariances”, borrowing the language often used for fractons.
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1 Introduction
The study of new and exotic phases of matter has seen an resurgence in recent years with
the discovery of fractons (see [1, 2] for a comprehensive review). These systems have particle
excitations with restricted mobility, and large ground state degeneracy; phenomena that do
not fit nicely into the standard framework of continuum quantum field theory.
Continuum quantum field theories are typically described as a renormalization group
(RG) flow between fixed points, or conformal field theories. This gives us a universal descrip-
tion of the low-energy physics without knowing the exact microscopic details of the model.
From generic RG arguments we expect such fixed points to have some sort of scaling sym-
metry and translational symmetries, though as rotations are explicitly broken in fractonic
models the fixed points cannot have the full 2 + 1 dimensional conformal symmetry. Our
goal in this paper is to try and understand the space-time symmetries of fractonic RG fixed
points.
Explicitly, we shall study the space-time symmetries of four “free” (i.e. quadratic) field
theories in 2 + 1 dimensions, inspired by the continuum fracton models in [3]. We show that
these four models have sub-dimensional conformal symmetry in the two primary 1+1 planes.
This is more expansive than the subconformal symmetry observed in [4], or the anisotropic
scaling considered in [5]. Furthermore, we show that the two independent conformal symme-
tries in general do not commute with each other, and so the full space-time symmetry algebra
may be much larger.
The four models we consider in this paper are the complex version of the scalar field
theory from [3], as well as three simple generalizations of this theory. Similar scalar models
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Model Lagrangian
Conformal symmetry
Sub-dimensional
Extended symmetry
(2, 4) |∂tφ|2 + |∂x∂yφ|2 Full relativistic 2d Infinite Dimensional, unknown
(2, 2) |∂tφ|2 + φ∗∂x∂yφ Schro¨dinger 1 + 1 SO(3, 2)
(1, 4) iφ∗∂tφ+ |∂x∂yφ|2 Schro¨dinger 1 + 1 Large, unknown
(1, 2) iφ∗∂tφ+ φ∗∂x∂yφ Holomorphic 2d Schro¨dinger 1 + (1, 1)
Table 1: The four models we consider, and a summary of their sub-dimensional and extended
space time symmetries.
were also considered in [5–8]. All the models we consider contain a single complex scalar field
φ in 2 + 1 dimensions. We study both a relativistic time derivative term in the action, as well
as a non-relativistic single time derivative term. The spatial derivative term in the action
is taken to be the four derivative term |∂x∂yφ|2 from [3], or the similar two derivative term
φ∗∂x∂yφ. These terms are the lowest order terms consistent with the symmetries of a cubic
or a rectangular lattice respectively. A summary of the models we consider is given in table
1. We shall refer to the models by their number of time and space derivatives, (n,m), where
n is the number of time derivatives and m the number of spatial derivatives.
The exact nature of the complex scalar field φ is not crucial to the analysis of the sub-
dimensional conformal symmetries. When considering a relativistic time derivative term one
can take φ to be real, or even compact, and the results should still hold. Similarly φ can be
a fermionic field in the theories with the non-reliativstic time derivative term. The nature of
φ does effect the spectrum and stability of the different models.
Finally, we note that all these models have the momentum dipole symmetry from [3]
given by the shift φ → φ + f(x) + g(y) for arbitrary functions f and g. This leads to sub-
dimensional conservation laws, as in [3, 6], though the analysis of these global symmetries
and their consequences is not the focus of this paper.
The paper is organized as follows. We study the sub-dimensional conformal symmetries
of each of these models individually in sections 2 through 5. Then we present a summary of
our results along with a discussion of future directions in section 6.
2 The (2, 4) model
We shall start our analysis by looking at a simple example model based on the scalar field
theory of the X–Y plaquette model from [3]. The theory consists of a complex scalar field φ
in 2 + 1 dimensions, with the Lagrangian
L = |∂tφ|2 + |∂x∂yφ|2 . (2.1)
This theory has two non-commuting sub-dimensional conformal symmetries. To make
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this evident we can expand φ in Fourier modes in the y direction as
φ(t, x, y) =
∫
dky√
2pi
eiykyφky(t, x), (2.2)
and then we get the Lagrangian of a free relativistic particle
L = ∣∣∂tφky ∣∣2 + k2y ∣∣∂xφky ∣∣2 . (2.3)
As this is simply a free boson, it has a 1+1 dimensional conformal symmetry in the x− t
plane. For example, we can define the holomorphic coordinates
zx = t+ i
x
ky
, z¯x = t− i x
ky
, (2.4)
with the conformal generators taking the form
Lxn = −zn+1x ∂x, L¯xn = −z¯x∂¯x. (2.5)
These obey the holomorphic and anti-holomorphic Witt algebra’s commutation relations.
We can write the generators of the global conformal transformations explicitly as
H = ∂t, Px = ky∂x, Dx = t∂t + x∂x,
Mx =
1
ky
x∂t − kyt∂x, Kx = 1
ky
x2∂x − kyt2∂x + 2
ky
tx∂t, Cx = t
2∂t − 1
k2y
x2∂t + 2xt∂x.
(2.6)
We initially made a choice to expand φ in Fourier modes in the y direction. We could
have instead chosen to expand φ in terms of modes in x direction, This would result in another
free theory, where a different 1+1 conformal symmetry would be evident. This algebra would
be generated by the Witt algebra of the holomorphic coordinates
zy = t+ i
y
kx
, z¯y = t− i y
kx
. (2.7)
These two independent conformal algebras do not commute with each other. The com-
mutation relations between the different conformal operators can be computed using the
observation that the momentum modes, ki, and coordinates, xi, obey the canonical commu-
tation relations. As far as we can tell the combined algebra that contains both conformal
algebras does not seem to have any known structure, and the commutation relations do not
seem to close on themselves. This is the case even when considering the algebra of the global
conformal symmetry and not the full Witt algebra. We note that there is some freedom in
choosing the holomorphic coordinate zx (or zy) as we can scale it by any factor of ky (respec-
tively kx) as ky is treated as a parameter of the subsystem, but there does not seem to be a
preferred scaling that solves the aforementioned problems.
Unfortunately these algebras do not have a simple representation in coordinate space.
Even when considering the subset of global conformal symmetries, only translations and
scaling have a nice representation in terms of the original coordinates. This hinders our
ability to study this symmetry and it’s implications.
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3 The (2, 2) model
Motivated by the sub-dimensional conformal symmetry we found in the previous section, we
formulated a model which has a much nicer sub-dimensional conformal symmetry. We still
consider a complex scalar field φ in 2 + 1 dimensions, only with a modified spatial derivative
term given by the Lagrangian
L = |∂tφ|2 + φ∗∂x∂yφ. (3.1)
Unlike the previous model which had a discrete D4 symmetry of the square lattice, this model
only has the discrete Z2 × Z2 symmetry of a rectangular lattice. The two Z2 factors act by
exchanging x and y and by taking (x, y)→ −(x, y) respectively. Finally, we note that there is
an apparent instability in this theory as the spatial derivatives are not bounded from bellow,
however as this is a quadratic model we can still formally study it. We will further discuss
this instability, and how one should quantize this model bellow.
As before we can expand φ in terms of Fourier modes in the y direction according to
(2.2), resulting in the Lagrangian
L = ∣∣∂tφky ∣∣2 + ikyφ∗ky∂xφky . (3.2)
This Lagrangian describes a free non-relativistic particle, only with the roles of space and
time interchanged. Thus this theory has a Schro¨dinger 1 + 1 conformal symmetry [9–12].
The symmetry consists of a SL(2,R) of spatial reparameterizations which also acts on the
time coordinate, along with translations in time and a Galilean boost. As φ has a scaling
dimension of 1/2 under the scaling symmetry, it too must transform under the SL(2) portion
of this symmetry.
The SL(2) portion of the transformation is
x′ =
ax+ b
cx+ d
, t′ =
t
cx+ d
, φ′ky = (cx+d)
1/2e
iky
ct2
4(cx+d)φky , ad−bc = 1, (3.3)
while the Galilean boost transforms the coordinates and field as
t′ = t+ αx, x′ = x, φ′ky = e
iky
(
αt
2
+α
2x
4
)
φky . (3.4)
Surprisingly, as the phase shift of φky is proportional to ky, these symmetries are also a local
transformation in the original coordinates. These transformations in the original coordinates
are
x′ =
ax+ b
cx+ d
, t′ =
t
cx+ d
, y′ = y+
ct2
4(cx+ d)
, φ′ = (cx+ d)1/2φ, ad− bc = 1,
(3.5)
and
t′ = t+ αx, x′ = x, y′ = y − a
2
t− a
2
4
x, φ′ = φ. (3.6)
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This model also has a second Galilean conformal symmetry which can be seen when
expanding φ in terms of momentum modes along the x direction. The coordinate transfor-
mations of this symmetry is similar to (3.5) and (3.6), only with x and y interchanged. Both
these symmetries also contain the same time transnational symmetry.
To understand how these two independent symmetries play with each other, we look at
their algebras. These symmetries are generated by the operators
Px = ∂x, Dx = 2x∂x + t∂t + ∆, Cx = x
2∂x + xt∂t − t
2
2
∂y + x∆,
Py = ∂y, Dy = 2y∂y + t∂t + ∆, Cy = y
2∂y + yt∂t − t
2
2
∂x + y∆,
H = ∂t, Kx = x∂t − t∂y, Ky = y∂t − t∂x,
(3.7)
where ∆ is the scaling operator which acts on φ by [∆, φ] = −12φ.
The P operators generate the spatial translations, H generates time translations and is
shared by both conformal algebras, the D’s generate the scaling transformations, the K’s
generate the Galilean boosts, and the C’s generate the special conformal transformations.
The operators P,D, and C form the sl(2) sub-algebra.
For these operators to form a closed algebra we need to add the operator
C0 = tx∂x + ty∂y +
(
t2
2
− xy
)
∂t + t∆. (3.8)
Then these ten operators form a closed algebra with the commutation relations
[Di, Pj ] = −2δijPi, [Di, Cj ] = 2δijCi, [Pi, Cj ] = δijDi,
[H,Pi] = 0, [Di, H] = −H, [H,Ci] = Ki,
[Ki, H] =
∑
j=x,y
(1− δij)Pj , [Pi,Kj ] = δijH, [Di,Kj ] = (2δij − 1)Kj ,
[Kx,Ky] =
1
2
(Dy −Dx) , [Ci,Kj ] = (1− δij)C0, [Di, C0] = C0
[H,C0] =
1
2
(Dy +Dx) , [Pi, C0] =
∑
j=x,y
(δij − 1)Kj [Ki, C0] = Ci,
(3.9)
and all other nonstated commutators vanishing. From these commutations we immediately
see that this is a simple lie algebra, and so must be one of the real forms of sp(4,C) = so(5,C).
In fact it is already in the standard basis of sp(4,C) (see for example [13] pg. 193), and so
the real form is just sp(4,R) = so(3, 2).
It seems surprising that we started from a non-Lorentz invariant theory in 3 dimensions
and found that the full conformal space-time symmetry is the same as that of a relativistic
conformal field theory in 2+1 dimensions. This however is due to the fact that the Lagrangian
(3.1) really describes a free boson in 2 + 1 dimensions in the light cone coordinates [14,
15]. In this case the sub-dimensional Schro¨dinger symmetries conspire to generate the full 3
dimensional conformal symmetry of the model.
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4 The (1, 2) model
As fractons are typically constructed as lattice models, there is no reason to assume they
should be described by a relativistic field theory. Indeed in the previous section we studied
a theory that had sub-dimensional Schro¨dinger symmetry, the non-relativistic analog of con-
formal symmetry. Thus in the next two sections we study analogous systems with an explicit
non-relativistic time derivative term.
The first model we consider is the non-relativistic version of the previous model, described
by the Lagrangian
L = iφ∗∂tφ+ φ∗∂x∂yφ. (4.1)
If we expand this in terms of momentum modes in the y direction (or equivalently in the x
direction) we get a theory that looks like a free relativistic fermion in 1 + 1 dimensions, or at
least its holographic component. Thus this system has two SL(2) sub-dimensional conformal
symmetries.
To combine these two independent symmetries into a local conformal symmetry algebra
we can use the same trick as before, and move to the relative coordinates
u =
x+ y√
2
, v =
x− y√
2
. (4.2)
Note that the spatial derivative term transforms as
∂x∂y =
1
2
(
∂2u − ∂2v
)
, (4.3)
so the Lagrangian is really (up to total derivatives)
L = iφ∗∂tφ+ 1
2
(∂vφ
∗∂vφ− ∂uφ∗∂uφ) , (4.4)
which is that of a free non-relativistic field in 2 dimensions with signature (1, 1). This theory
has a slightly modified Schro¨dinger symmetry due to the SO(1, 1) spatial symmetry, rather
than an SO(2). Nevertheless, the symmetry is still well defined and generated by the central
element N (which generates the U(1) phase symmetry of φ), as well as the operators
H = ∂t, Pu = ∂u, Pv = ∂v,
M = u∂u + v∂v, D = 2t∂t + u∂u + v∂v + ∆, Ku = t∂u −Nu
Kv = t∂v +Nv, C = t
2∂t + tu∂u + tv∂v + t∆− N
2
(
u2 − v2) .
(4.5)
We refer the readers to [10] for a complete derivation of this symmetry algebra and the
symmetry transformations.
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We can translate this back to the original coordinates, and with some restructuring we
find that the symmetry generators are
H = ∂t, Px = ∂x, Py = ∂y,
Dx = t∂t + x∂x +
∆
2
, Dy = t∂t + y∂y +
∆
2
, Kx = t∂x +Ny
Ky = t∂y +Nx, C = t
2∂t + tx∂x + ty∂y + t∆ +Nxy.
(4.6)
The actual symmetry transformations can also be constructed in the same manner, as
their form is known for a free field in 2 spatial dimensions [10], and the Wick rotation of
SO(2) to SO(1, 1) is straightforward. The translations in space and scaling transformations
are trivial to deduce. The Galilean boosts are given by the transformations
x′ = x+ ct, φ′ = eicyφ, and y′ = y + ct, φ′ = eicxφ. (4.7)
Finally the transformations of the temporal SL(2) symmetry are
t′ =
at+ b
ct+ d
, x′ =
x
ct+ d
, y′ =
y
ct+ d
, φ′ = (ct+ d)ei
cxy
ct+dφ, ad− bc = 1.
(4.8)
This demonstrates a second example of a model where the two sub-dimensional conformal
symmetries combine into a coherent symmetry algebra. In the previous example we had
two non-relativistic sub-dimensional conformal symmetries generating a relativistic conformal
symmetry, while in this model we had two relativistic sub-dimensional conformal symmetries
generating a non-relativistic conformal symmetry.
We can use this toy model to build a Lagrangian that is similar to the (2, 4) model, only
with a well defined conformal symmetry. Consider the Lagrangian
L = |(i∂t + ∂x∂y)φ|2 . (4.9)
This Lagrangian has the same symmetry algebra given by (4.6), only now the dimension of φ
is zero. Furthermore, when restricting φ to be real we obtain the same Lagrangian from [3]1,
so in a sense this is a different complexified version of the same model.
5 The (1, 4) model
We shall now discuss the last example we have of a sub-dimensional conformal symmetry, the
non-relativistic version of the (2, 4) model. This model is described by the Lagrangian
L = iφ∗∂tφ+ |∂x∂yφ|2 . (5.1)
This is a surprisingly simple example of a model with fracton dynamics that is straight-
forward to study, as it is the second quantization of the quantum mechanical system with the
Hamiltonian
H = p2xp
2
y. (5.2)
1After Wick rotating time.
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The spectrum of this model depends on the spectrum on the momentum operators px and
py. If they are quantized, say by taking space to be periodic, then the energy levels are
Em,n ∝ m2n2. (5.3)
This implies the model has an infinite number of ground states given by m = 0 or n = 0,
which correspond to states that have momentum in only one of the directions. We can put
this system on a periodic lattice to regularize this infinity, when the ground state degeneracy
becomes 2Nx + 2Ny + 1, where Nx and Ny are the number of lattice points in the x and y
directions. The divergence of the number of ground states as a function of system length,
rather than volume, is a common theme among many fracton systems [1, 2].2 We note that
there are no quantum effects that lift the ground state degeneracy such as the ones found in
[3].We present a more detailed analysis of the spectrum of this theory, as well as a comparison
to the (2, 4) model and to [3] in appendix A.
Such a large number of ground states with arbitrary momentum should make us doubt
that this model accurately describes the low energies states with high momenta, and subse-
quently that it can describe the low energy behavior of physical systems. However, it does
have the global dipole symmetry, similar to the one in [3], which may be imposed on the
system to keep the ground state degeneracy intact.
Nevertheless, a better approach would be to add a small term to the Hamiltonian which
breaks the ground state degeneracy. The simplest term which does this, and also preserves
the discrete lattice symmetry x→ y, x→ −x, is the harmonic term
δH = 
(
p2x + p
2
y
)
. (5.4)
This term breaks the ground state degeneracy and creates a hierarchy of states, the low energy
excitations can have non-zero momentum in either the x or the y direction. To reach a state
with momentum in both directions one needs to overcome a large energy gap. This dynamics
is also similar to other theories of fractons [1, 2].
To find the symmetry algebra, we expand the field in terms of momentum modes in one
of the primary axes, say the y direction. Then the theory becomes a free field in the remaining
direction with a mass mx ∝ k−2y . Thus this theory has a sub-dimensional non-relativistic con-
formal symmetry, or Schro¨dinger symmetry [10]. The x sub-dimensional algebra is generated
by the central element N and the operators
H = ∂t, Px = ∂x, Dx = 2t∂t + x∂x + ∆,
Kx = t∂x +
x
2k2y
N, Cx = t
2∂t + tx∂x + t∆ +
x2
4k2y
N.
(5.5)
The y sub-dimensional algebra is obtained by taking x 7→ y. The commutation relations
between the two algebras can be found by noting that x and kx are conjugate variables, as
2Here we should take φ to be a fermionic field so that the log of the ground state degeneracy goes like
2Nx + 2Ny + 1, see appendix A for more details.
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are y and ky. The Galilean and special conformal transformations don’t commute between
the two algebras, and generate a large symmetry algebra that doesn’t appear to close on
itself, as happened in the (2, 4) model.
The novelty here is that the relevant deformation (5.4) does not break the sub-dimensional
conformal symmetry, but rather it deforms it to
H = ∂t, Dx = 2t∂t + x∂x + ∆ + 2k
2
ytN, Kx = t∂x +
x
2(k2y + )
N,
Px = ∂x, Cx = t
2∂t + tx∂x + t∆ +
(
x2
4(k2y + )
+ k2yt
2
)
N.
(5.6)
This is in contrast to the (2, 4) model where this deformation breaks the sub-dimensional
conformal symmetry. We note that this deformation does break the global symmetry φ 7→
φ+ c(x) + g(y) as in [3].
6 Summary and Future Directions
We have presented four interesting examples of systems with sub-dimensional conformal sym-
metry in 2 + 1 dimensions. Clearly there are many interesting future directions that follow
from this work.
One obvious question is to ask to what extent our construction extends to other dimen-
sions. While we focused on the 2+1 dimensional case, theories with subsystem conformal
symmetry should also be easy to construct in other dimensions. One theory that can be
written down in general D spatial dimensions is based on a spatial gradient term in the
Lagrangian of the form [16, 17]
L = . . .+ (∂x1 . . . ∂xDφ)2 (6.1)
For every spatial direction i this has a rescaling symmetry
Di : x
i → λxi, t→ λzt (6.2)
with z = 1, 2 depending on whether we add a relativistic or non-relativistic time derivative
term. These scale symmetries can easily be extended to conformal symmetries by the methods
described in this work.
Beyond constructing other models, another obvious next step is to work out the conse-
quences of the symmetries we uncovered. To what extent are correlation function constrained
by the subsystem conformal symmetries?
Last but not least, probably the most important question that needs to be addressed is
how to construct interesting interacting field theories with the symmetries outlined in this
work. Just like in [3] our focus has been entirely on free field theories. Clearly we have just
scratched the surface in our understanding of this kind of quantum field theory.
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A Spectral analysis and comparison of the (1, 4) and (2, 4) models
Unlike in [3] and the (2, 4) model, the ground state degeneracy of the (1, 4) model is exact,
and cannot be lifted by quantum effects. We shall show this by comparing the spectrum of
both models. For the (1, 4) model φ and φ† are conjugate operators that satisfy the canonical
commutation relations [
φ†(x), φ(x′)
]
±
= δ(2)(x− x′), (A.1)
where we can take φ to be either a fermionic or a bosonic field. The Hamiltonian of the model
reads
H =
∫
dx dy ∂x∂yφ
†∂x∂yφ. (A.2)
We can then move to the momentum mode variables by taking space to be compact and
normalized,
φm,n =
∫
dx dy ei(mx+ny)φ(x, y), φ†m,n =
∫
dx dy ei(mx+ny)φ(x, y)†, (A.3)
which satisfy the canonical commutation relations[
φ†m,n, φm′n′
]
±
= δm,m′δn,n′ . (A.4)
The Hamiltonian in terms of these variables is simply a sum of harmonic oscillators
H =
∑
m,n
m2n2φ†m,nφm,n. (A.5)
We see that the ground states are really just harmonic oscillators with zero frequency,
and so have zero energy for all occupancy numbers. In this case the ground state degeneracy
is not lifted, and cannot be lifted even by taking φ to be compact.
To count the number of zero frequency modes we need to regularize this theory. The
simplest regularization is by introducing cutoffs Nx and Ny for m and n, which is equivalent
to placing the theory on a lattice with lattice spacing lx ∼ 1/Nx, ly ∼ 1/Ny. The number of
zero frequency modes with n = 0 is 2Nx + 1, as |m| ≤ Nx, and similarly there are 2Ny + 1
zero modes with m = 0. One of these modes is shared, the m = n = 0 mode, giving us
2Nx + 2ny + 1 zero frequency modes. If φ is taken to be fermionic then the number of zero
modes is 22Nx+2ny+1, and the log of the ground state degeneracy goes like 2Nx + 2ny + 1.
We note that this model is both gapless in the infinite volume limit and has an extensive
number of exact ground states. This is peculiar as typically in gapless systems (say in con-
ventional CFTs) a finite volume lifts the ground state degeneracy. Though calculating the
ground state degeneracy of a gapless system may seem ill-defined as there are many states
with vanishing energy, the number of exact ground states when placing the system in a finite
volume is a well defined and measurable quantity.
We should contrast this with the relativistic (2, 4) model, where ∂tφ
† is the conjugate
variable of φ, and not φ†. To understand the spectrum we first expand φ and φ† in terms
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of two real scalar fields, and then taking space to compact and normalized as above, the
Hamiltonian in terms of the momentum modes will take the form
H =
∑
i=1,2
∑
m,n
(
pi2i,m,n +m
2n2φ2i,m,n
)
, (A.6)
which is a sum of harmonic oscillators for m,n 6= 0, but a free theory for the modes where
m = 0 or n = 0. The Hamiltonian for these modes is
H”zero” modes =
∑
i=1,2
∑
m 6=0
pi2i,m,0 +
∑
n6=0
pi2i,0,n + pi
2
i,0,0
 , (A.7)
which is a sum of free theories. For these modes the spectrum depends on the spectrum of
the momentum operators pii. If, as in [3], we take φ to be periodic then the spectrum of the
pi’s is quantized and this lifts their minimal energy except for the (0, 0) mode. This quantum
effect would not happen if we didn’t take φ to be periodic. These effects do not, and really
cannot, happen in the non-relativistic models as the Hamiltonian is really a second quantized
version of the quantum mechanical model.
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